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Fault Tolerant Flight Control

Meir Pachter* and Yih-Shiun Huang®
U.S. Air Force Institute of Technology, Wright—Patterson Air Force Base, Ohio 45433-7765

A fault tolerant flight control system is developed. The three-module controller consists of 1) a system identifi-
cation module, 2) an adaptive parameter estimate smoother, and 3) a proportional and integral compensator for
tracking control. Specifically, the classical Kalman filter for linear control systems is extended so that the control
system’s state and loop gain are jointly estimated online, and an adaptive smoother is developed to reduce automat-
ically the fluctuations in the gain estimate and bursting. The output of the system identification and gain smoother
modaules is used to adjust continuously the tracking controller’s gain to compensate for a possible reduction in the
loop gain due to control surface area loss caused by failure or battle damage.

I. Introduction

YSTEM identification allows us to acquire the estimates of
the plant’s parameters from measurements on the system’s in-
puts and outputs using algorithms and software, but without adding
extra hardware, that is, sensors or actuators."? Unfortunately, sys-
tem identification, which entails the estimation of all of the (lin-
ear) plant’s parameters, resides in the realm of nonlinear filtering.
Moreover, system identification for adaptive and reconfigurable
flight control requires 1) the accurate and reliable estimation of
the aircraft’s stability and control derivatives with online operation,
2) accurate and reliable estimation at low signal-to-noise ratio
(SNR), 3) the use of a small sample, and 4) no human intervention.
In this paper, a rigorous, and, therefore, unbiased real-time esti-
mate of the parameters of the control matrix and a reliable predicted
estimation error covariance are obtained without using state rate
measurements.>~> The classical Kalman filter theory for linear con-
trol systems is extended, and the control system’s state and loop
gain are jointly estimated. A simplified (single-input) version of
this problem is addressed, and an algorithm for the estimation of a
single-input flight control system’s critical loop gain parameter is
developed.®’ The latter might change abruptly as a result of control
surface area loss caused by failure or battle damage.

An adaptive smoother is developed to reduce automatically the
fluctuationsin the parameter estimate caused by measurement noise
and by instances of poor excitation before the use of the parameter
estimate in the controller. As we move from window to window,
the fluctuations in the parameter estimate are further exacerbated
by the presence of modeling error. Hence, the parameter estimate
smoother, which precludes the onset of “bursting,” is important.

Thus, an indirect adaptive and reconfigurable control system is
developed. The controller consists of three modules: 1) a system
identification module, 2) an adaptive parameter estimate smoother,
and 3) a proportional and integral compensator for tracking control.

The architecture of an indirect adaptive and reconfigurable flight
control system that incorporates the online loop gain identification
algorithm, adaptive loop gain estimate smoother, and tracking con-
troller developedin this paper, is shown in Fig. 1. The plant model is
representativeof the longitudinaldynamics of an F-16 class aircraft.
The pilot inputs a pitch rate command ¢., which is the reference
signal for the adaptive controller. The commanded input is passed
through a low-pass prefilter and into a proportionaland integral (PI)
controllerdesignedto yield good tracking performance. The identi-
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fication algorithm, thatis, the modified Kalman filter, is fed with the
noise-corrupted measurements of the states of the plant, &, and g,
and the input to the plant §,. The @, ¢, and K estimates of «, ¢, and
K, respectively, are provided by the modified Kalman filter/system
identification module at each time sample. This informationis fed to
an aAdaptive smoothermodule that calcylatesa smoothedestimate K
of K. The filtered loop gain estimate K is fed back into the forward
path after the summing junction of the states and reference signal r,
but before the actuator, to compensate for the changing open-loop
gain K due to plant failure, that is, a loss in control surface area.

The paper is organized as follows. The system identification al-
gorithm for loop gain estimationis providedin Sec. II. The adaptive
loop gain smoothing algorithmis developedin Sec. III. The design
of the linear tracking controller and the aircraft model are discussed
in Sec. IV. The simulation results are presented in Sec. V followed
by conclusionsin Sec. VI.

II. System Identification Algorithm

A Kalman filter is a data processing algorithm that uses all avail-
able data, such as plant model, initial conditions, and statistical
descriptions of any biases, measurement noise, or process noise.?
This informationis fed into the propagatefipdate algorithm, which
then optimally derives an estimated value for the system’s state in a
way that minimizes estimation error variance. The rigorous Kalman
filtering paradigm for linear systems can also be extended to provide
an estimate of the control matrix B. Our main resultis the following
systemidentification algorithm, a preliminary version of which was
presented in Ref. 6.

Theorem: Consider the following linear estimation problem.
The linear dynamic system is

Xpy1 = Axp + Kbuy + Twy @))]
E(ww]) = Q, k=0,1,....N—1 (2)
the prior information is
xo € N(%, Py,. ), K € N(Ko, Pogy)
the output signal is
Yir1 = Cxpy (3)
and the observation equation is
Zk+1 = Yk+1 T Vkt1, E(Uk+1UZ+1)=R “4)

The matrices A, b, C,and I" are known. The respective Gaussianzero
mean process noise and measurementnoise covariance matrices, Q
and R, are also known. The open-loop gain K is not known.
Denote by X; and K; the respective estimates of the state x; and
the loop gain K at time k, given the measurementsrecord zy, . . .

z
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Fig.1 Adaptive and reconfigurable flight control system.
the inputsequenceu, . .., u;_;, and the priorinformationon x, and Pisixx = Pixx — [(CAPkAK)T +ukpkKK(Cb)T:| « {CAPk“ATCT

K. The covariance of the estimation error of the

(¥)

vector is denoted by the partitioned matrix

LS /3
Pk = ; bk
pk;l( Prkx
Initially, set
%o = Xo, ]eo == Ko, Po,, == Py,
A A
Poxx == POK’ Po.x == 0 (5)
Then, for k=0,1,..., N —1, the state and gain estimates are
updated as
fia1 = A%+ Kibuy + K (234 — CAZ — K, Chuy)  (6)
Kis1 =K, + Ky (21 — CA%, — K, Chuy) Q)
where the Kalman gains
K, = {APk“ ATCT + uk[ApkAK(Cb)T + b(CApkAK)T:I
+ui pr bICHT + rQrTCT} x {CAPk“ATCT
T
+uk[CApkAK(Cb)T +(Cb)(CApy,) ]
—1
+U; Py (CHY(CHY + CT QI CT + R} 8)
Ky = [(CApkAK)T + ukpkKK(Cb)T:I x {CAPk“ATCT
T
+uk[CApkAK(Cb)T +(Cb)(CApi,) ]
—1
+ul pre (CHYCHY + CT QT CT + R} )
Furthermore, the estimation error covariances are
A {[APk“ AT +u (Apib" + bp;KAT)]
_ —1
+u prgbb” +T QD" ] 1+CTR"C} (10)

F AP (€O +Ch)(CAPL) |+ 1 pug (COICHY

+cror’c’ + R}fl x [(CAPry) + wi g (CBY] (11

D1k = APk + UrPrgyb — {APkM—ATCT + uk[ApkAl((Cb)T

+b(C AP )T | + Ul Py b(CHYT +TOTTCT}

x {CAPk“ ATCT + uk[CApkAK(Cb)T + (Cb)(CApkAK)T:I

-1
+ Ul Pk (CHYCDY + CTQITCT + R}

X [(CAP}UK) + Ui Pigx (Cb)]

The proofof the Theorem is relegated to the Appendix, where it is
alsoshownhow the classical Kalman filtering algorithmis recovered
in the special case where the loop gain parameter is known.

12)

III. Adaptive Parameter Smoothing

In Ref. 6, a fixed low-pass filter that exclusively operates on the
parameter estimate provided by the system identification algorithm
was used to smooth the parameter estimate. Note, however, that the
fixed low-pass filter does not use the available predicted parameter
estimation error variance, which is indicative of the level of excita-
tion in the identification experiment and is reliably provided by the
systemidentificationalgorithm. Using the predicted estimationerror
variance information that is provided by our rigorous system iden-
tification algorithm, one can selectively employ smoothing. Indeed,
when the parameter estimation error variance is small, we can em-
ploy assumed certainty equivalence, because then we know that the
parameter estimate must be close to the true parameter value, pro-
vided that the computed error varianceis reliable. Then, there is no
need to filter the parameter estimate, and therefore, the lag caused by
passing the parameter estimate through a low-pass filter is now re-
moved. If, however, the parameter estimation error variance is large
and we are not confident using the system identification (provided
parameter estimate in the compensator synthesis), it is then advan-
tageous to rely on filtering. This is tantamount to postulating that
the parameter does not change much during the short time interval
under consideration. Therefore, in the online compensator synthe-
sis, we partially rely on the old parameter estimate. In this case, one
introduces some lag.
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Hence, we now make the filter dynamics dependent on the pa-
rameter estimation error variance provided by the upstream system
identification module, and in doing so, we adaptively filter the loop
gain estimate. These insights into the estimation situation at hand
suggestthe following strategy: Set the weight of the current parame-
ter estimate provided by the systemidentification algorithm, 1 — A,
as follows:

loglo(l —Ay) = ]/]O(SNRk —SNRk — ;)

where the SNR in the system identification experiment at time k is
now defined as

SNR; = 20log,, (K/Ukk)

and w, is the moving window lengthused in the systemidentification
algorithm and o, = /P, . Thus, a decrease in the SNR caused
by a sudden increase in the predicted parameter estimation error ok
as one moves from estimation window k — w; to estimation window
k has the effect of decreasing the reliance on the most recent loop
gain estimate K. When the excitation is low, one would like to shut
down the system identification algorithm and freeze the parameter
estimate at its previous value.
Hence, the adaptive filter for the parameter estimate is

Ieks‘mrm(hed =M X ]ekflg.“m[hed +(1—2) x Ky (13)

where the weight A, 0 < A; < 1, is adjusted according to
10
=1— 10’(”“/”**"*1) (14)

and where o, is the predicted parameter K estimation error vari-
ance provided by the system identification module at time instantk.

The adaptive parameter estimate filter [Eqs. (13) and (14)] auto-
matically smoothes the parameter estimate and precludes bursting.

IV. Aircraft Model and Fixed PI Controller

A. Aircraft Model

In this paper, an F-16 class aircraft flying at Mach 0.9 at 20,000 ft
is considered. The short-period pitch dynamics approximatior® is
used. The pitch dynamics are unstable, and hence, the aircraft relies
on feedback control for stabilization. The relevant states are « and
q, the aircraft angle of attack and pitch rate, respectively, and the
control variable is the elevator deflection §,. Thus, the plant truth
model used in the system identification algorithm is

a=Z,a+7Z,q+KZ3,, qg=M,o+ M,q+ KM,;3,
The Z stability and control derivatives are

Z, = —1.3433, Z, = 0.9946, Zs, = —0.1525

and the M stability and control derivatives are

M, =35 M,=-1.0521, M, =—24.3282

Hence, in (continuous-time) state-space form, the bare aircraft
(plant) dynamics are

X = Ax + bu

—1.3433  0.9946 —0.1525
= x+ u  (15)
3.5 —1.0521 —24.3282

Where the state
( )
X =
q

and the control variable u is the elevator deflection &, in degrees.
The preceding second-order plant model is the truth model used
in the system identification algorithm.
In the linear tracking controller, the reference signal 7 is summed
with the states o and g feedback.

The controller-generatedcommand to the elevator §,, is applied
to a first-order actuator model

8(5)/8,c(s) = 20/ (s + 20) (16)

with a bandwidth of 20 rad/s. The actuator output §, is the input to
the plant. A first-order actuator model suffices in the low-frequency
bandwidth of the pitch dynamics. A more elaborate fourth-order
actuator model is

3.(s) (20.2)(5097.96)(144.8)
Sec(s) (s +20.2)(s2 + 1008s + 5097.96) (s + 144.8)

however, the first-order actuator model captures the lag character-
istics of the actuatorin the bandwidth of interest.

Augmenting the dynamics and control matrices with the first-
order actuator dynamics yields the third-order augmented plant

X = Ax + bu
Z, Z, 7, 0
={M, M, My, {x+71 0 }é,
0 0 -1/t 1/t

where T = 2—‘0 =0.05 s. Now the states are
x=(@ g 8,)7

and the control variable is &, .
The preceding third-orderplant model is the truth model used for
tracking controller design.

B. Fixed PI Controller

The design of the model-based PI tracking controller follows the
development in Ref. 10. Designing a PI controller in state space
for good tracking performance requires the system dynamics to be
further augmented. Now

z=r—gq
ZO( Zq Z(S(, O O O

S RZZAn /e Tl N ) O RO

= x r y

* 0 0 -1/t 0 0 17 | %
0O -1 0 0 1 0

where the states are now
x=@ q 8 27

and, as before, r is the reference signal. The charge on the integrator
is z. Now the PI control law is

8, =r—K,a—K,q—K;, 8, +K.z 17)

The PI gains needed to obtain good tracking performance are

K, =0.283, K, =0.876, K;, = —0.4, K. =0.01
The new closed-loop system matrices A, and B are
Ag=A+b(-K, -K, -K; K.
Z, Z, Zs, 0
M, M, M;, 0
| -K./t —K,/t —(1+Ky)/t K./t
0 -1 0 0

Bo=(0 0 1/z 1)

B, operates on the exogeneous (reference) signal r.
The F-16 class plantis open-loopunstable. This is a normal char-
acteristic of advanced fighter aircraft. Using full state feedback, the
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flight control system is stabilized. Tracking is achieved using the
fixed PI controller specified in Eq. (17).

V. Simulation

A. Estimation Performance

The estimationperformance guaranteedby the novel systemiden-
tification algorithm stated in the theorem is experimentally vali-
dated, and the results of the open-loop gain identification experi-
ments are presented.

A moving window (or, equivalently, finite memory data window)
is used because, in the case of a failure, when a jump in the value
of the open-loop gain K occurs the latter is identified faster than in

PACHTER AND HUANG

the case where an expanding horizon window system identification
algorithm is used. At time k, the moving window consists of the
samples taken at time kK —w; + 1, ..., k; the expanding window
is of length k and consists of the samples taken at time 1, ..., k.
When the recursive system identification algorithm (the theorem in
Sec. II) is used inside a 0.3-s window (of 30 samples), estimates
of the parameters of interest are calculated. The window is then
shifted one sample time, and the estimation process is repeated.
This yields the first parameter estimate at 0.3 s into the flight. Prior
information with negative o and ¢ states and an initial guess of
K =0.8 are intentionallyused to test the moving window estimation
algorithm’s response to a poor initial guess. For all of the windows,
the same priorinformationof o = —1.4414deg,q = —2.4314 deg/s,

1.8 T T T T T T T
-—+ Actual K
- Kest. from expanding Kalman filter
—— K est. from moving window
181 — ~ Predicted std. deviation of est. K from moving win. [

Gain K

8

16

Time(sec)

Fig. 2 Comparison of expanding horizon and moving window estimation with fixed PI tracking controller: o, =0.03 deg, o, =0.1108 deg/s,

and K; =0.6 at 8 s.
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04
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Fig.3 Loop gain estimate K and smoothed K, when moving window system identification, fixed weights smoother, and adaptive smoother are used:
oo =0.03 deg, o, = 0.1108 deg/s, and K; = 0.6 at 8 s; unsmoothed K, vs smoothed K.
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and K = 0.8 is used. The initial states o and ¢ variancesare 0.1 deg?
and 1 (deg/s)?, respectively, and the relatively high variance of the
parameter K initial guess is 0.4.

Setting the postfailureopen-loopgainat Ky = 0.6, we comparein
Fig. 2 the open-loop gain K estimation performance of the moving
window system identification algorithm and the expanding window
system identification algorithm. The fixed PI tracking controller,
and no parameter estimate filter, is used. One can see that the mov-
ing window is faster to settle on an estimate, whereas the expanding
horizon system identification algorithm takes more time to reach
its final estimate value. Obviously, the estimate provided by the
expanding window Kalman filter is smoother than the estimate pro-
vided by the relatively short sliding window. At the same time, in
Fig. 2, the negative effect on estimation performance of a very short
window (< 0.3 s) is also evidentnear t =0.

15 T T T

B. Adaptive Parameter Estimate Smoother

A fixed-weights smoother acts similarly to a longer estimation
window and will reduce the fluctuationsin K, but it will uniformly
increasetheidentificationdelay, and, consequently,response time of
the identification algorithm, as shown in Ref. 7. Thus, in Fig. 3, we
see that the adaptive smoother [Eq. (13)] not only yields the fastest
identification time, but also is more effective than a fixed-weights
smoother; the dotted lines designate K error bounds of £20%.

C. Tracking Performance

In the simulation experiments, at time # = 8 s into the flight, the
open-loopgain K isreducedto K| =0.1. The fixed linear PI tracking
controllerdesignin Sec. IV is exercised first, forexample, see Fig. 4.
Next, the tracking performance of our adaptive and reconfigurable
control system is evaluated. In Fig. 5, a two-module adaptive and

Output(degrees, deg/sec)

T T
—— Reference command
- —- o output
— — qoutput

-15 1 1 1
0

Time(sec)

Fig. 4 With fixed PI controller used, g and o responses: oo = 0.03 deg, o, = 0.1108 deg/s, and K; = 0.1; short-period outputs and failure K = 0.1

at8s.

deg/sec)

Output(degrees

20 [ Reference command ’
-—- aoutput
— — goutput
_25 T T 1 1 ] 1
0 2 4 5} 10 12 14 16

Time(sec)

Fig.5 With expanding window system identification algorithm and reconfigurable control used, 4 and o responses: o, =0.03 deg, o, = 0.1108 deg/s,

and K; = 0.1; short-period outputs, failure K = 0.1 at 8 s.
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— — q output
-15 i 1 ( 1 T T
0 2 4 6 8 10 12 14 16
Time (sec)

Fig. 6 With moving window system identification algorithm and adaptive smoother used; g and « response: o = 0.03 deg, o, = 0.1108 deg/s, and

K; = 0.1; short-period outputs, failure K = 0.1 at 8 s.

15 T T T

10

q Output {deg/sec)

-5

-10

~ ~ Reference command
- From Fixed PI Controller

—— From Moving Win. ID Algo with Smoother :
I I I H

-15

2 4 6

8

16

Time (sec)

Fig.7 Comparison of the tracking performance of the fixed PI controller and the adaptive and reconfigurable controller; phugoid dynamics, fourth-
order actuator model, and parametric modeling error (M, =5 after failure) are included: g output, K5, = —0.4, 0o = 0.03 deg, o, = 0.1108 deg/s, and

Ky =0.2; failure K =0.2 at 8 s K5, = —0.4.

reconfigurable controllerconsistingof an expanding window system
identification module and a reconfigurable PI controlleris used. In
Fig. 6, the three-module controller with a moving window system
identification module is used.

When the open-loop gain K decreases to K| =0.1, postfailure
tracking performance of the fixed PI controller deteriorates signif-
icantly and is not acceptable. When a conventional, two-module,
adaptive and reconfigurable controlleris implemented immediately
after the point of failure at 1 =7, =8 s, a considerable error be-
tween the aircraft’s pitch rate and the commanded pitch rate de-
velops. This is mainly due to the estimation lag in the expand-
ing window system identification module. However, the tracking

performance improves as time passes, and the expanding win-
dow system identification algorithm settles on a good parameter
estimate; consequently, the pitch rate then tracks the commanded
pitchrate. The tracking performanceof the complete, three-module,
adaptive, and reconfigurable controller, using the moving win-
dow system identification algorithm, is shown in Fig. 6. After
the failure, only a small tracking error occurs between the com-
manded pitch rate and the pitch rate output. However, the track-
ing performance is much better than that of the fixed PI tracking
controller and the earlier discussed two-module adaptive tracking
controller using an expanding window-based system identification
algorithm.
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Fig.8 Comparison of the tracking performance of the fixed PI controller and the adaptive and reconfigurable controller; phugoid dynamics, fourth-
order actuator model, and parametric modeling error (M, =5 after failure) are included: g output, K5, = —1.5, 0o =0.03 deg, o, =0.1108 deg/s, and

K; =0.2; failure K = 0.2 at 8 s K5, = —1.5.

D. Unmodeled Dynamics Effects on Identification
and Tracking Performance

We now include in our realistic simulation the phugoid dynam-
ics, use the fourth-order actuator model, and allow for a postfailure
parameter modelingerror (M, =5). We investigatetheir cumulative
effect on identification and tracking performance. The moving win-
dow parameter identification algorithm and the adaptive smoother
are used.

Figure 7 shows the tracking performance of the fixed PI con-
troller and the three-module adaptive and reconfigurable controller
(moving-window system identification algorithm with adaptive
smoother). We also set the control gain to the original K5, = —0.4,
and the control surface failure index is K; =0.2. After the failure,
the adaptive and reconfigurable controller outperforms the fixed PI
controller,in particular,in the severe failure case of K; =0.2, where
the fixed PI controller’s tracking performance is poor.

When we change the control gain K;, to —1.5, the results are
shown in Fig. 8. The adaptive and reconfigurable controller outper-
forms the fixed PI controllerin all failurecases. In the case of a severe
failure (K| =0.2), the adaptive and reconfigurable controller shows
some lag in tracking, but the fixed PI controller causes a departure.

VI. Conclusions

A novel three-module fault tolerant flight control system consist-
ing of 1) a system identification module, 2) an adaptive parameter
estimate smoother, and 3) a robust PI compensator for tracking con-
trol is developed.

System identification lies at the heart of indirect adaptive and
reconfigurable control. The novel and rigorous system identifica-
tion algorithm provides an unbiased loop gain parameter estimate
and a reliable predicted parameter estimation error variance. This
is confirmed by the carefully designed simulation experiments: The
system identification algorithm performs well using small samples
and in the presence of measurement noise, weak excitation, un-
modeled dynamics, and parametric uncertainty. Online operationis
achieved, and no human intervention is required.

High levels of measurement noise, small sample size, and poor
excitationincrease the parameter estimation error variance, and this
causes the parameter estimate to fluctuate as we move from window
to window. The role of the parameter estimate smootheris 1) to re-
duce low excitation-inducedfluctuations in the parameter estimate

before using the latter in the downstreamonline controllersynthesis
algorithm and 2) to address the ill effects of modeling error and,
in particular, parametric modeling error on the performance of the
system identification algorithm. The innovative adaptive parame-
ter estimate smoother uses all of the available information on the
plant parameter provided by the upstream online system identifi-
cation module. Hence, the lag and the error in the plant parameter
estimate calculated by the smoother and sent to the compensator is
minimized.

A carefully designed model-based robust PI tracking controller
using full state feedback was used. This is the baseline controller
against which the performance of the adaptive and reconfigurable
controlleris evaluated. In the adaptive and reconfigurable controller,
the reciprocal of the estimated loop gain derived from the system
identification algorithm and processed by the smoothing module is
used online to adjust the compensator, to account for the effector
failure, and, thus, to recover performance.

The three-module adaptive and reconfigurable controller uses a
sampling rate of 100 Hz, a sliding data window of 0.3 s, a formula
for setting the weights of the adaptive parameter smoother, and a
model-based PI controller. Although the design of each of the three
modules of the controlleris solidly rooted in theory, the adaptiveand
reconfigurable flight control system is a nonlinear stochastic control
system with partial observations and there is heavy reliance on the
carefully designed simulation experiments. The simulation experi-
ments validate the performance of the adaptive and reconfigurable
controller: The tracking performance of the complete adaptive and
reconfigurable control system is shown to be superior to the track-
ing performance of the robust, but fixed, PI tracking controller, in
particular, in the case of a severe failure (80% control surface loss).
The simulation experiments demonstrate that with the fixed PI con-
troller, in the case of a severe failure, a departureis on hand, whereas
the adaptive and reconfigurablecontrolleryields acceptabletracking
performance.

The adaptive and reconfigurable controller design methodology
developed in this paper is illustrated in a flight control context.
However, this developmentis applicableto a broad range of control
problems.

Appendix: Proof of Theorem
We shall require the complete matrix inversion lemma (MIL).
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Lemma (MIL): Assume the relevant matrices are compatible and
invertible. Then

-1 -1 _

(A = AAT'A)) T = AT + AT AL (A — ASATTA,) T ARAT
(A1)

O

Proofof Theorem: Becausethe unknownloop gainisaconstant,
we augment the dynamics as follows:

Kivr = Ky (A2)

Hence, the augmented state dynamics evolve in i *! and are

Xk +1 A Mkb Xk r
= + , A3
(Kk+l> (O 1 ) (Kk> <O> o (A
and the measurement equation is

) Xk
am=(c ¢ 0)<I(kkill>+vk+l (A4)

Here, w; and v, represent the process noise and measurement
noise, respectively. The covariances of these noises are represented

by Q and R in the stochastic model.
The prior information at time instant k is

C)e[() «] e

Pioe  Prx
P=| (A6)
pk;,( Prgg

is the estimation error covariance matrix. The elements of P, are

where

P, €N p €0 pu €X' (A7)

Hence, before the z; , | measurement is recorded, the augmented
state

X+ 1 A wb\ (X
(Kk+l> <N ((0 1 ) (K)

A b AT 0 ror’ o
(5 ) D37 9)

AP AT +uk(Aka,(bT+
b‘DZxKAT) + ul%pkkkbbT + l_‘QFT Apk;l( + ukpkkkb

kaX,(AT +ukpkkka . pkl([(
Next, apply the Bayesian estimation formula and obtain

=4 +K(z—HY) (A8)

(J}ek+ 1) _ (A)}ek + I%kbuk> + K(
. = N Zr 41
Kk+l Kk o

. (C : O) A)?k + I%kbuk _ Afck + I%kbuk
: Ky Ky

+K(zi 41 — CA%, — u, K Ch) (A9)

where the Kalman gain
AP AT + u (Apy DT+

K — bp,QKAT) + ulpi bbT +TOrT

kaX,(AT + ”kpkkka

Apy g + i Digi b cT
T H~T
............ x|y )X {cap, ATC

Prgk

+u[CAp (CH)T + (Cb)(CAp;, )T ]

+ 1 i (CHY(CHY +CTOICT 4+ R}
AP ATCT
.
+uk[Aka,( (Cb)" +b(CApy.) ]

—_ T T
=| +wp,, bcH) +TOrTCT | % {CAPkuA ¢

+ uk[CAka,( Cch7’ + (Cb)(CAka,()T:I

-1
+ U} Py (CHYCDY + CT QI CT + R} (A10)
Finally,

Pk*‘(x,l() = Pk(x,l() - K(C O) Pk(x,l() (All)

Hence, we calculate

Piiier

AP, AT + uk(Akaka—’_

bkaxkAT)—l—uipkkkbbT_F]"Q]"T Apk;l( +ukpkkkb

kaXKAT + ukpkKKbT : Prxk

{APk”ATCT

T T

e | Api (CHYT +b(CApy,)
+u1%pkkkb(Cb)T + FQFTCT}

x{CAP, ATCT
+u[CApy, (CBY + (CH)(CAp,, )]
+ 1} iy (CB)(CB)T + CTQITCT + R)
[CApL A+ u(CAp 57 + CopL A7)
- + 142 i ChbT + CT QT |
T T
(CAka,() + Ui Py (CD)

x{CAPk”ATCT

+ uk[CAka,((Cb)T + (Cb)(CAka,()T:I
+ U2 P (CHY(CH)T +CTOITCT + R}
x[CAP, AT + u; (CApy, b" + CbAp]  AT)
+ Ul P Cbb" + CT OTT |
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{APk”ATCT + uk[Apkxk chT + b(CApka)T:I
+ 1l Py L(CD)T + FQFTCT}
x{CAPk”ATCT + uk[CApkxk (Ch)T + (Cb)(CAka,()T]
—1
12 Py (CHY(CH)T + CTQITCT + R}
x(CAka,( +ukpk”Cb)
r T
(CApk) +iPiy (CD)
x|CAP ATCT + [CAka,( (Ch)" + (Cb)(CAka,()T:I
2 iy (CHY(CD)T + CTQITCT + R}
X(CAkak + ukpkkab)

(A12)
Thus,
Py, = [APk“—AT +u(Ap, bT + bP[X,(AT)

+ 14} i bOT +T O] x {[APk”AT
—1
+uk(AkaKbT + bp,fXKAT) + Ul P BDT + FQFT]

—cT {CAPk”ATCT n uk[CAka,( (Ch)T + (Cb)(CAka,()T:I

-1
+u2 Py (CHY(CH)T + CT QT CT + R} c} x [AP,, AT
+ 1y (A b7 +bpl A7) + ulp, bbT +TOTT]  (A13)

Next, apply the MIL to the expression in the outer braces from
Eq. (A14), namely,

{[APk”AT + uk(Aka,(bT + bp,QKAT) + uipk”bbT + F'QFT:rl
—C"{CAP,, ATC" + 1, [CAka,( (Ch)T + (Cb)(CAka,()T:I

-1 -1
+ul prey (CHYCHY + CT QT CT + R} C}
where we set

Av=[APAT + (A bT +bpy AT)
+ul i bb” +T Q7]

A2 - CT

A3 =C

Ay = {CAPk”ATCT + ”k[CAPkA—K(Cb)T + (Cb)(CAPm)T]
+ 1} Py (CHY(CH)" + CT QI CT + R}

We obtain

{[APk”AT + g (Apy DT +bpl  AT) + ul pr BT + rQrT]’l
- CT{CAPk”ATCT + uk[CAka,( (Ch)T + (Cb)(CAka,()T:I

-1 -1
+ul prey (CHYCHY + CT QT CT + R} C}

= [AP AT + ug(Apy b" +bpl  AT) + 1l py,, bbT

+TOT" ] + [AP AT + i (Api, " + bpi AT)
+ U} Py BT + FQFT]CT X {{CAPkuATCT
+uy [CAPkXK (Ch)" + (Cb)(CAPm)T]

+ 1} Pry (CHY(CH)T + CT QT CT + R}
—C[AP, AT + uy (Apy, b7 + bp]  AT)

+ U iy BT + FQFT]CT}i1 x Cla,. 47

+ uk(Aka,(bT + bkaxkAT) + Ul P BOT + FQFT]
Reducing the preceding equation gives

[APk”AT + uk(Aka,(bT + bkaxkAT) + Ul pry DBT + FQFT]
X {[APk”AT + uk(Apkxka + bp,QKAT) + U2 Pry BT
+1or’] " + "R} x [AP, AT

+uk(AkaKbT +bka”(AT) + uipk”bbT + FQFT]
Hence, Eq. (A13) can now be reduced to

Py, = {[APk“,AT +u(Api,  b" +bpl  AT)

_ -1
+u pyy bbT +T QT ] 1+CTR"C} (Al4)

In addition,

Pr+1xkx = Prgx — [(CAPkXx)T + Ui Py (Cb)T:I

x {CAPk”ATCT + uk[CAka,( b7 + (Cb)(CAka,()T:I

—1

+ul pre (CHYCHYT + CT QT CT + R}

x (CApiy + Ui Prg Cb) (A15)
D41k = APk + UrPrgy b — {APkUATCT

[ Apis (€0 +5(CApL) |+ 4 pig Y

+ rQrTcT} {CAPk“,ATCT + uk[CAka,( (b’

) (Capey) |+ i pu COXCH

-1
+cror’c’ + R} (CAps i + U P CD) (A16)

We also partition the Kalman gain vector as follows:
(Kx )
K =
Ky
where

K, = {APk”ATCT n uk[Aka,( (Ch)T + b(CAka,()T:I

(A17)

+U; Py P(CD)T + rQrTcT} X {CAPk”ATCT
T
+uk[CAka,( (Ch)" + (Cb)(CApy,) ]

-1
+ U} Piyy (CHYCDY + CT QI CT + R} (A18)
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Ki = [(CAp) + iy €07 | x {car, aer
T
+uk[CAka,( (Ch)" + (Cb)(CApy,) ]

12 i, (Ch)(ChYT + CTQITCT + R}fl (A19)
Hence, we finally obtain

Rear = A%y + Kibuy + Ko (z3 41 — CA%, — K, Chuy)  (A20)

Koo =K, +Kg(zey — CAR, — K.Chuy)  (A21)

0

Proposition:  An additional application of the MIL will reduce
the number of matrix inversions such that only the low-order matrix

CAP, ATCT +u, [CAka,( (Ch)T + (Cb)(CAka,()T:I

+ul pre, (CHYCHY + CT QT CT + R

needs to be inverted.
Corollary: Consider the classical Kalman filter paradigm where
the loop gain K is known, thatis, K = 1. In this special case

Poxx = 0, Pox = 0, Pigx = 0, Prx = 0
forall k=1,2,3,... (A22)
and it follows that
P = Py, (A23)
Ko =0 (A24)

K, = (AP, AT +TQOr7)C;

x (CAP, ATCT +CTQI"C” + R)™ (A25)

-1

Poir = [(APk”AT +ror’)” +CTR"C] (A26)

Thus, the classical Kalman filter formulas are recovered. O
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