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Fault Tolerant Flight Control

Meir Pachter¤ and Yih-Shiun Huang†

U.S. Air Force Institute of Technology, Wright–Patterson Air Force Base, Ohio 45433-7765

A fault tolerant � ight control system is developed. The three-module controller consists of 1) a system identi� -
cation module, 2) an adaptive parameter estimate smoother, and 3) a proportional and integral compensator for
tracking control. Speci� cally, the classical Kalman � lter for linear control systems is extended so that the control
system’s state and loop gain are jointly estimated online, and an adaptivesmoother is developed to reduce automat-
ically the � uctuations in the gain estimate and bursting. The output of the system identi� cation and gain smoother
modules is used to adjust continuously the tracking controller’s gain to compensate for a possible reduction in the
loop gain due to control surface area loss caused by failure or battle damage.

I. Introduction

S YSTEM identi� cation allows us to acquire the estimates of
the plant’s parameters from measurements on the system’s in-

puts and outputs using algorithms and software, but without adding
extra hardware, that is, sensors or actuators.1;2 Unfortunately, sys-
tem identi� cation, which entails the estimation of all of the (lin-
ear) plant’s parameters, resides in the realm of nonlinear � ltering.
Moreover, system identi� cation for adaptive and recon� gurable
� ight control requires 1) the accurate and reliable estimation of
the aircraft’s stability and control derivativeswith online operation,
2) accurate and reliable estimation at low signal-to-noise ratio
(SNR), 3) the use of a small sample, and 4) no human intervention.

In this paper, a rigorous, and, therefore, unbiased real-time esti-
mate of the parametersof the control matrix and a reliable predicted
estimation error covariance are obtained without using state rate
measurements.3¡5 The classicalKalman � lter theory for linear con-
trol systems is extended, and the control system’s state and loop
gain are jointly estimated. A simpli� ed (single-input) version of
this problem is addressed, and an algorithm for the estimation of a
single-input � ight control system’s critical loop gain parameter is
developed.6;7 The latter might change abruptly as a result of control
surface area loss caused by failure or battle damage.

An adaptive smoother is developed to reduce automatically the
� uctuations in the parameter estimatecaused by measurementnoise
and by instances of poor excitation before the use of the parameter
estimate in the controller. As we move from window to window,
the � uctuations in the parameter estimate are further exacerbated
by the presence of modeling error. Hence, the parameter estimate
smoother, which precludes the onset of “bursting,” is important.

Thus, an indirect adaptive and recon� gurable control system is
developed. The controller consists of three modules: 1) a system
identi� cation module, 2) an adaptive parameter estimate smoother,
and 3) a proportionaland integral compensator for trackingcontrol.

The architecture of an indirect adaptive and recon� gurable � ight
control system that incorporates the online loop gain identi� cation
algorithm, adaptive loop gain estimate smoother, and tracking con-
troller developedin this paper, is shown in Fig. 1. The plantmodel is
representativeof the longitudinaldynamics of an F-16 class aircraft.
The pilot inputs a pitch rate command qc , which is the reference
signal for the adaptive controller. The commanded input is passed
througha low-pass pre� lter and into a proportionaland integral (PI)
controllerdesigned to yield good tracking performance.The identi-
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� cationalgorithm,that is, the modi� ed Kalman � lter, is fed with the
noise-corruptedmeasurements of the states of the plant, ®m and qm ,
and the input to the plant ±e. The O®, Oq , and OK estimates of ®, q , and
K , respectively, are provided by the modi� ed Kalman � lter/system
identi� cationmodule at each time sample.This information is fed to
an adaptivesmoothermodule that calculatesa smoothedestimate OKs

of OK . The � ltered loop gain estimate OKs is fed back into the forward
path after the summing junction of the states and referencesignal r ,
but before the actuator, to compensate for the changing open-loop
gain K due to plant failure, that is, a loss in control surface area.

The paper is organized as follows. The system identi� cation al-
gorithm for loop gain estimation is provided in Sec. II. The adaptive
loop gain smoothing algorithm is developed in Sec. III. The design
of the linear trackingcontrollerand the aircraft model are discussed
in Sec. IV. The simulation results are presented in Sec. V followed
by conclusions in Sec. VI.

II. System Identi� cation Algorithm
A Kalman � lter is a data processingalgorithm that uses all avail-

able data, such as plant model, initial conditions, and statistical
descriptions of any biases, measurement noise, or process noise.8

This information is fed into the propagate/update algorithm, which
then optimally derives an estimated value for the system’s state in a
way that minimizes estimationerror variance.The rigorousKalman
� lteringparadigmfor linear systemscan also be extendedto provide
an estimate of the controlmatrix B. Our main result is the following
system identi� cation algorithm, a preliminaryversionof which was
presented in Ref. 6.

Theorem: Consider the following linear estimation problem.
The linear dynamic system is

xk C 1 D Axk C K buk C 0wk (1)

E
¡
wkw

T
k

¢
D Q; k D 0; 1; : : : ; N ¡ 1 (2)

the prior information is

x0 2 N
¡

Nx0; P0x x

¢
; K 2 N

¡
K0; p0K K

¢

the output signal is

yk C 1 D Cxk C 1 (3)

and the observation equation is

zk C 1 D yk C 1 C vk C 1; E
¡
vk C 1v

T
k C 1

¢
D R (4)

The matrices A, b, C , and0 areknown.TherespectiveGaussianzero
mean process noise and measurementnoise covariancematrices, Q
and R, are also known. The open-loop gain K is not known.

Denote by Oxk and OKk the respective estimates of the state xk and
the loop gain K at time k, given the measurementsrecord z1; : : : ; zk ,
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Fig. 1 Adaptive and recon� gurable � ight control system.

the input sequenceu0; : : : ; uk¡1, and the prior informationon x0 and
K . The covariance of the estimation error of the³

xk

K

´

vector is denoted by the partitioned matrix

Pk D

Á
Pkx x pkx K

pT
kx K

pkK K

!

Initially, set

Ox0 ´ Nx0; OK0 ´ 1D K0; P0x x ´ 1D P0x

p0K K ´ 1D P0K ; p0x K ´ 1D 0 (5)

Then, for k D 0; 1; : : : ; N ¡ 1, the state and gain estimates are
updated as

Oxk C 1 D A Oxk C OKkbuk C K x .zk C 1 ¡ C A Oxk ¡ OKkCbuk/ (6)

OKk C 1 D OKk C K K .zk C 1 ¡ C A Oxk ¡ OK kCbuk / (7)

where the Kalman gains

Kx D
n

APkx x AT C T C uk

h
Apkx K .Cb/T C b

¡
C Apkx K

¢T
i

C u2
k pkK K b.Cb/T C 0Q0T C T

o
£

n
C APkx x AT CT

C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o¡1

(8)

KK D
h¡

C Apkx K

¢T C uk pkK K .Cb/T
i

£
n

C APkx x AT C T

C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o¡1

(9)

Furthermore, the estimation error covariances are

Pk C 1x x D
nh

APkx x AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢i

C u2
k pkK K bbT C 0Q0T

¤¡1 C C T R¡1C
o¡1

(10)
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£
n
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(12)

The proofof the Theorem is relegatedto the Appendix,where it is
alsoshownhowthe classicalKalman � lteringalgorithmis recovered
in the special case where the loop gain parameter is known.

III. Adaptive Parameter Smoothing
In Ref. 6, a � xed low-pass � lter that exclusively operates on the

parameter estimate provided by the system identi� cation algorithm
was used to smooth the parameter estimate. Note, however, that the
� xed low-pass � lter does not use the available predicted parameter
estimation error variance, which is indicative of the level of excita-
tion in the identi� cation experiment and is reliably provided by the
systemidenti� cationalgorithm.Using thepredictedestimationerror
variance information that is provided by our rigorous system iden-
ti� cation algorithm,one can selectivelyemploy smoothing. Indeed,
when the parameter estimation error variance is small, we can em-
ploy assumed certainty equivalence,because then we know that the
parameter estimate must be close to the true parameter value, pro-
vided that the computed error variance is reliable. Then, there is no
need to � lter the parameterestimate, and therefore,the lag causedby
passing the parameter estimate through a low-pass � lter is now re-
moved. If, however, the parameter estimation error variance is large
and we are not con� dent using the system identi� cation (provided
parameter estimate in the compensator synthesis), it is then advan-
tageous to rely on � ltering. This is tantamount to postulating that
the parameter does not change much during the short time interval
under consideration. Therefore, in the online compensator synthe-
sis, we partially rely on the old parameter estimate. In this case, one
introduces some lag.
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Hence, we now make the � lter dynamics dependent on the pa-
rameter estimation error variance provided by the upstream system
identi� cation module, and in doing so, we adaptively � lter the loop
gain estimate. These insights into the estimation situation at hand
suggest the followingstrategy:Set the weight of the currentparame-
ter estimateprovidedby the system identi� cation algorithm,1 ¡ ¸k ,
as follows:

log10.1 ¡ ¸k/ D 1=10.SNRk ¡ SNRk ¡ wl /

where the SNR in the system identi� cation experiment at time k is
now de� ned as

SNRk D 20 log10

¡
K

¯
¾Kk

¢

andwl is the movingwindowlengthused in the systemidenti� cation
algorithm and ¾Kk D

p
pkK K . Thus, a decrease in the SNR caused

by a sudden increase in the predicted parameter estimationerror ¾K

as one moves from estimationwindow k ¡ wl to estimationwindow
k has the effect of decreasing the reliance on the most recent loop
gain estimate OKk . When the excitation is low, one would like to shut
down the system identi� cation algorithm and freeze the parameter
estimate at its previous value.

Hence, the adaptive � lter for the parameter estimate is

OKksmoothed D ¸k £ OKk ¡ 1smoothed C .1 ¡ ¸k / £ OKk (13)

where the weight ¸k , 0 < ¸k < 1, is adjusted according to

¸k D 1 ¡ 10
¡
¡

¾Kk

¯
¾Kk ¡ wl

¢10

(14)

and where ¾Kk is the predicted parameter K estimation error vari-
ance provided by the system identi� cation module at time instant k.

The adaptive parameter estimate � lter [Eqs. (13) and (14)] auto-
matically smoothes the parameter estimate and precludes bursting.

IV. Aircraft Model and Fixed PI Controller
A. Aircraft Model

In this paper, an F-16 class aircraft � ying at Mach 0.9 at 20,000 ft
is considered. The short-period pitch dynamics approximation9 is
used. The pitch dynamics are unstable, and hence, the aircraft relies
on feedback control for stabilization.The relevant states are ® and
q , the aircraft angle of attack and pitch rate, respectively, and the
control variable is the elevator de� ection ±e . Thus, the plant truth
model used in the system identi� cation algorithm is

P® D Z® ® C Zqq C K Z±e ±e; Pq D M®® C Mqq C K M±e ±e

The Z stability and control derivatives are

Z® D ¡1:3433; Zq D 0:9946; Z±e D ¡0:1525

and the M stability and control derivatives are

M® D 3:5; Mq D ¡1:0521; M±e D ¡24:3282

Hence, in (continuous-time) state-space form, the bare aircraft
(plant) dynamics are

Px D Ax C bu

D
³

¡1:3433 0:9946

3:5 ¡1:0521

´
x C

³
¡0:1525

¡24:3282

´
u (15)

where the state

x D
³

®

q

´

and the control variable u is the elevator de� ection ±e in degrees.
The preceding second-orderplant model is the truth model used

in the system identi� cation algorithm.
In the linear trackingcontroller, the reference signal r is summed

with the states ® and q feedback.

The controller-generatedcommand to the elevator ±ec is applied
to a � rst-order actuator model

±e.s/=±ec.s/ D 20=.s C 20/ (16)

with a bandwidth of 20 rad/s. The actuator output ±e is the input to
the plant. A � rst-order actuator model suf� ces in the low-frequency
bandwidth of the pitch dynamics. A more elaborate fourth-order
actuator model is

±e.s/

±ec.s/
D .20:2/.5097:96/.144:8/

.s C 20:2/.s2 C 1008s C 5097:96/.s C 144:8/

however, the � rst-order actuator model captures the lag character-
istics of the actuator in the bandwidth of interest.

Augmenting the dynamics and control matrices with the � rst-
order actuator dynamics yields the third-order augmented plant

Px D Ax C bu

D

0

@
Z® Zq Z±e

M® Mq M±e

0 0 ¡1=¿

1

A x C

0

@
0

0

1=¿

1

A ±ec

where ¿ D 1
20

D 0:05 s. Now the states are

x D .® q ±e/
T

and the control variable is ±ec .
The precedingthird-orderplant model is the truth model used for

tracking controller design.

B. Fixed PI Controller
The design of the model-basedPI tracking controller follows the

development in Ref. 10. Designing a PI controller in state space
for good tracking performance requires the system dynamics to be
further augmented. Now

Pz D r ¡ q

Px D

0

BB@

Z® Zq Z±e 0

M® Mq M±e 0

0 0 ¡1=¿ 0

0 ¡1 0 0

1

CCA x C

0

BB@

0

0

0

1

1

CCA r C

0

BB@

0

0

1=¿

0

1

CCA ±ec

where the states are now

x D .® q ±e z/T

and, as before,r is the referencesignal. The charge on the integrator
is z. Now the PI control law is

±ec D r ¡ K® ® ¡ Kq q ¡ K±e ±e C K zz (17)

The PI gains needed to obtain good tracking performance are

K® D 0:283; Kq D 0:876; K±e D ¡0:4; K z D 0:01

The new closed-loop system matrices Acl and Bcl are

Acl D A C b
¡
¡K® ¡Kq ¡K±e K z

¢

D

0

BB@

Z® Zq Z±e 0

M® Mq M±e 0

¡K®=¿ ¡Kq=¿ ¡.1 C K±e /=¿ Kz=¿

0 ¡1 0 0

1

CCA

Bcl D
¡
0 0 1=¿ 1

¢T

Bcl operates on the exogeneous (reference) signal r .
The F-16 class plant is open-loopunstable.This is a normal char-

acteristic of advanced � ghter aircraft. Using full state feedback, the
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� ight control system is stabilized. Tracking is achieved using the
� xed PI controller speci� ed in Eq. (17).

V. Simulation
A. Estimation Performance

The estimationperformanceguaranteedby thenovelsystemiden-
ti� cation algorithm stated in the theorem is experimentally vali-
dated, and the results of the open-loop gain identi� cation experi-
ments are presented.

A moving window (or, equivalently,� nite memory data window)
is used because, in the case of a failure, when a jump in the value
of the open-loop gain K occurs the latter is identi� ed faster than in

Fig. 2 Comparison of expanding horizon and moving window estimation with � xed PI tracking controller: ¾® = 0.03 deg, ¾q = 0.1108 deg/s,
and K1 = 0.6 at 8 s.

Fig. 3 Loop gain estimate K̂ and smoothed K̂s when moving window system identi� cation, � xed weights smoother, and adaptive smoother are used:
¾® = 0.03 deg, ¾q = 0.1108 deg/s, and K1 = 0.6 at 8 s; unsmoothed Ke vs smoothed Ke.

the case where an expanding horizon window system identi� cation
algorithm is used. At time k, the moving window consists of the
samples taken at time k ¡ wl C 1; : : : ; k; the expanding window
is of length k and consists of the samples taken at time 1; : : : ; k.
When the recursive system identi� cation algorithm (the theorem in
Sec. II) is used inside a 0.3-s window (of 30 samples), estimates
of the parameters of interest are calculated. The window is then
shifted one sample time, and the estimation process is repeated.
This yields the � rst parameter estimate at 0.3 s into the � ight. Prior
information with negative ® and q states and an initial guess of
K D 0:8 are intentionallyused to test the movingwindowestimation
algorithm’s response to a poor initial guess. For all of the windows,
the same prior informationof® D ¡1:4414deg, q D ¡2:4314deg/s,
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and K D 0:8 is used.The initial states® and q variancesare 0:1 deg2

and 1 (deg/s)2, respectively, and the relatively high variance of the
parameter K initial guess is 0:4.

Setting the postfailureopen-loopgain at K1 D 0:6, we compare in
Fig. 2 the open-loopgain OK estimation performanceof the moving
window system identi� cation algorithmand the expandingwindow
system identi� cation algorithm. The � xed PI tracking controller,
and no parameter estimate � lter, is used. One can see that the mov-
ing window is faster to settle on an estimate, whereas the expanding
horizon system identi� cation algorithm takes more time to reach
its � nal estimate value. Obviously, the estimate provided by the
expandingwindow Kalman � lter is smoother than the estimate pro-
vided by the relatively short sliding window. At the same time, in
Fig. 2, the negativeeffect on estimation performanceof a very short
window .¿ 0:3 s) is also evident near t D 0.

Fig. 4 With � xed PI controller used, q and ® responses: ¾® = 0.03 deg, ¾q = 0.1108 deg/s, and K1 = 0.1; short-period outputs and failure K = 0.1
at 8 s.

Fig. 5 With expanding window system identi� cation algorithm and recon� gurable control used, q and ® responses: ¾® = 0.03 deg, ¾q = 0.1108deg/s,
and K1 = 0.1; short-period outputs, failure K = 0.1 at 8 s.

B. Adaptive Parameter Estimate Smoother
A � xed-weights smoother acts similarly to a longer estimation

window and will reduce the � uctuations in OK , but it will uniformly
increasethe identi� cationdelay,and,consequently,responsetime of
the identi� cation algorithm, as shown in Ref. 7. Thus, in Fig. 3, we
see that the adaptive smoother [Eq. (13)] not only yields the fastest
identi� cation time, but also is more effective than a � xed-weights
smoother; the dotted lines designate K1 error bounds of §20%.

C. Tracking Performance
In the simulation experiments, at time t D 8 s into the � ight, the

open-loopgain K is reducedto K1 D 0:1.The � xed linearPI tracking
controllerdesign in Sec. IV is exercised� rst, for example, see Fig. 4.
Next, the tracking performance of our adaptive and recon�gurable
control system is evaluated. In Fig. 5, a two-module adaptive and
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Fig. 6 With moving window system identi� cation algorithm and adaptive smoother used; q and ® response: ¾® = 0.03 deg, ¾q = 0.1108 deg/s, and
K1 = 0.1; short-period outputs, failure K = 0.1 at 8 s.

Fig. 7 Comparison of the tracking performance of the � xed PI controller and the adaptive and recon� gurable controller; phugoid dynamics, fourth-
order actuator model, and parametric modeling error (M® = 5 after failure) are included: q output, K±e = ¡0:4, ¾® = 0.03 deg, ¾q = 0.1108 deg/s, and
K1 = 0.2; failure K = 0.2 at 8 s K±e = ¡0:4.

recon� gurablecontrollerconsistingof an expandingwindowsystem
identi� cation module and a recon� gurable PI controller is used. In
Fig. 6, the three-module controller with a moving window system
identi� cation module is used.

When the open-loop gain K decreases to K1 D 0:1, postfailure
tracking performance of the � xed PI controller deteriorates signif-
icantly and is not acceptable. When a conventional, two-module,
adaptive and recon� gurable controller is implemented immediately
after the point of failure at t D t f D 8 s, a considerable error be-
tween the aircraft’s pitch rate and the commanded pitch rate de-
velops. This is mainly due to the estimation lag in the expand-
ing window system identi� cation module. However, the tracking

performance improves as time passes, and the expanding win-
dow system identi� cation algorithm settles on a good parameter
estimate; consequently, the pitch rate then tracks the commanded
pitch rate. The trackingperformanceof the complete, three-module,
adaptive, and recon� gurable controller, using the moving win-
dow system identi� cation algorithm, is shown in Fig. 6. After
the failure, only a small tracking error occurs between the com-
manded pitch rate and the pitch rate output. However, the track-
ing performance is much better than that of the � xed PI tracking
controller and the earlier discussed two-module adaptive tracking
controller using an expanding window-based system identi� cation
algorithm.
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Fig. 8 Comparison of the tracking performance of the � xed PI controller and the adaptive and recon� gurable controller; phugoid dynamics, fourth-
order actuator model, and parametric modeling error (M® = 5 after failure) are included: q output, K±e = ¡1.5, ¾® = 0.03 deg, ¾q = 0.1108 deg/s, and
K1 = 0.2; failure K = 0.2 at 8 s K±e = ¡1:5.

D. Unmodeled Dynamics Effects on Identi� cation
and Tracking Performance

We now include in our realistic simulation the phugoid dynam-
ics, use the fourth-order actuator model, and allow for a postfailure
parametermodelingerror (M® D 5). We investigatetheir cumulative
effect on identi� cation and tracking performance.The moving win-
dow parameter identi� cation algorithm and the adaptive smoother
are used.

Figure 7 shows the tracking performance of the � xed PI con-
troller and the three-module adaptive and recon� gurable controller
(moving-window system identi� cation algorithm with adaptive
smoother). We also set the control gain to the original K±e D ¡0:4,
and the control surface failure index is K1 D 0:2. After the failure,
the adaptive and recon� gurable controller outperforms the � xed PI
controller,in particular,in the severe failurecase of K1 D 0:2, where
the � xed PI controller’s tracking performance is poor.

When we change the control gain K±e to ¡1:5, the results are
shown in Fig. 8. The adaptive and recon� gurable controller outper-
forms the � xed PI controllerin all failurecases. In thecaseof a severe
failure (K1 D 0:2), the adaptiveand recon�gurable controller shows
some lag in tracking, but the � xed PI controller causes a departure.

VI. Conclusions
A novel three-module fault tolerant � ight control system consist-

ing of 1) a system identi� cation module, 2) an adaptive parameter
estimate smoother, and 3) a robustPI compensatorfor trackingcon-
trol is developed.

System identi� cation lies at the heart of indirect adaptive and
recon� gurable control. The novel and rigorous system identi� ca-
tion algorithm provides an unbiased loop gain parameter estimate
and a reliable predicted parameter estimation error variance. This
is con� rmed by the carefully designed simulationexperiments:The
system identi� cation algorithm performs well using small samples
and in the presence of measurement noise, weak excitation, un-
modeled dynamics, and parametric uncertainty.Online operation is
achieved, and no human intervention is required.

High levels of measurement noise, small sample size, and poor
excitation increase the parameter estimationerror variance, and this
causes the parameter estimate to � uctuate as we move from window
to window. The role of the parameter estimate smoother is 1) to re-
duce low excitation-induced� uctuations in the parameter estimate

before using the latter in the downstreamonline controllersynthesis
algorithm and 2) to address the ill effects of modeling error and,
in particular, parametric modeling error on the performance of the
system identi� cation algorithm. The innovative adaptive parame-
ter estimate smoother uses all of the available information on the
plant parameter provided by the upstream online system identi� -
cation module. Hence, the lag and the error in the plant parameter
estimate calculated by the smoother and sent to the compensator is
minimized.

A carefully designed model-based robust PI tracking controller
using full state feedback was used. This is the baseline controller
against which the performance of the adaptive and recon�gurable
controlleris evaluated.In theadaptiveand recon� gurablecontroller,
the reciprocal of the estimated loop gain derived from the system
identi� cation algorithm and processed by the smoothing module is
used online to adjust the compensator, to account for the effector
failure, and, thus, to recover performance.

The three-module adaptive and recon� gurable controller uses a
sampling rate of 100 Hz, a sliding data window of 0.3 s, a formula
for setting the weights of the adaptive parameter smoother, and a
model-based PI controller.Although the design of each of the three
modulesof thecontrolleris solidly rooted in theory, the adaptiveand
recon� gurable � ight control system is a nonlinearstochasticcontrol
system with partial observations and there is heavy reliance on the
carefully designed simulation experiments. The simulation experi-
ments validate the performance of the adaptive and recon�gurable
controller: The tracking performance of the complete adaptive and
recon� gurable control system is shown to be superior to the track-
ing performance of the robust, but � xed, PI tracking controller, in
particular, in the case of a severe failure (80% control surface loss).
The simulationexperiments demonstrate that with the � xed PI con-
troller, in the case of a severe failure,a departureis on hand,whereas
the adaptiveand recon� gurablecontrolleryieldsacceptabletracking
performance.

The adaptive and recon�gurable controller design methodology
developed in this paper is illustrated in a � ight control context.
However, this development is applicable to a broad range of control
problems.

Appendix: Proof of Theorem
We shall require the complete matrix inversion lemma (MIL).
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Lemma (MIL): Assume the relevant matrices are compatible and
invertible. Then
¡

A1 ¡ A2 A¡1
4 A3

¢¡1 D A¡1
1 C A¡1

1 A2

¡
A4 ¡ A3 A¡1

1 A2

¢¡1
A3 A¡1

1

(A1)

¤

Proofof Theorem: Becausetheunknownloopgain is a constant,
we augment the dynamics as follows:

Kk C 1 D Kk (A2)

Hence, the augmented state dynamics evolve in <n C 1 and are
³

xk C 1

Kk C 1

´
D

³
A uk b

0 1

´ ³
xk

Kk

´
C

³
0

0

´
wk (A3)

and the measurement equation is

zk C 1 D
¡
C

::: 0
¢ ³

xk C 1

Kk C 1

´
C vk C 1 (A4)

Here, wk and vk C 1 represent the process noise and measurement
noise, respectively.The covariancesof these noises are represented
by Q and R in the stochastic model.

The prior information at time instant k is
³

xk

Kk

´
2 N

µ³
Oxk

OKk

´
; Pk

¶
(A5)

where

Pk D

Á
Pkx x pkx K

pT
kx K

pkK K

!

(A6)

is the estimation error covariance matrix. The elements of Pk are

Pkx x 2 <n £ n ; pkx K 2 <n; pkK K 2 <1 (A7)

Hence, before the zk C 1 measurement is recorded, the augmented
state
³

xk C 1

Kk C 1

´
2 N

³³
A uk b

0 1

´ ³
Oxk

OKk

´

³
A ukb

0 1

´
Pk

³
AT 0

uk bT 1

´
C

³
0Q0T 0

0 0

´´

D N

³³
A Oxk C OKk buk

OKk

´

0

BBBBB@

APkxx AT C uk

¡
Apkx K bT C

:::

bpT
kx K

AT
¢

C u2
k pkK K bbT C 0Q0T

::: Apkx K C uk pkK K b

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
::: ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

pT
kx K

AT C uk pkK K bT
::: pkK K

1

CCCCCA

1

CCCCCA

Next, apply the Bayesian estimation formula and obtain

OxC
k D Ox¡

k C K .z ¡ H Oxk / (A8)
³

Oxk C 1

OKk C 1

´
D

³
A Oxk C OKk buk

OKk

´
C K

³
zk C 1

¡
¡
C

::: 0
¢ ³

A Oxk C OK kbuk

OKk

´´
D

³
A Oxk C OKk buk

OKk

´

C K .zk C 1 ¡ C A Oxk ¡ uk
OKkCb/ (A9)

where the Kalman gain

K D

0

BBBBB@

APkxx AT C uk

¡
Apkx K bT C

:::

bpT
kx K

AT
¢

C u2
k pkK K bbT C 0Q0T

:::

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
:::

pT
kx K

AT C uk pkK K bT
:::

::: Apkx K C uk pkK K b
::: ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
::: pkK K

1

CCA £
³

C T

0

´
£

©
C APkx x AT C T

C uk

£
C Apkx K .Cb/T C .Cb/.C Apkx K /T

¤

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

ª¡1

D

0

BBBBBB@

APkxx AT CT

Cuk

h
Apkx K .Cb/T C b

¡
C Apkx K

¢T
i

Cu2
k pkK K b.Cb/T C 0Q0T C T

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¡
C Apkx K

¢T C uk pkK K .Cb/T

1

CCCCCCA
£

n
C APkxx AT C T

C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o¡1

(A10)

Finally,

Pk C 1.x ;K /
D Pk.x ;K /

¡ K
¡
C

::: 0
¢
Pk.x ;K /

(A11)

Hence, we calculate

Pk C 1.x ;K /

D

0

BBBB@

APkx x AT C uk

¡
Apkx K bT C

:::

bpT
kx K

AT
¢

C u2
k pkK K bbT C 0Q0T

::: Apkx K C uk pkK K b

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
::: ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

pT
kx K

AT C uk pkK K bT
::: pkK K

1

CCCCA

¡

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

n
APkxx AT C T

:::

Cuk

h
Apkx K .Cb/T C b

¡
C Apkx K

¢T
i :::

Cu2
k pkK K b.Cb/T C 0Q0T C T

o :::

£
©
C APkx x AT C T

:::

C uk

£
C Apkx K .Cb/T C .Cb/.C Apkx K /T

¤ :::

C u2
k pkK K .Cb/.Cb/T C C0Q0T C T C R

ª¡1 :::

£
£
C Apkx x AT C uk

¡
C Apkx K bT C CbApT

kx K
AT

¢ :::

C u2
k pkK K CbbT C C0Q0T

¤ :::

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
:::h¡

C Apkx K

¢T C uk pkK K .Cb/T

i

£
n

C APkx x AT CT
:::

C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i :::

C u2
k pkK K .Cb/.Cb/T C C0Q0T C T C R

ª¡1 :::

£
£
C APkx x AT C uk

¡
C Apkx K bT C CbApT

kx K
AT

¢ :::

C u2
k pkK K CbbT C C0Q0T

¤
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:::

n
APkx x AT C T C uk

h
Apkx K .Cb/T C b

¡
C Apkx K

¢T
i

::: C u2
k pkK K b.Cb/T C 0Q0T C T

o

::: £
n

C APkxx AT C T C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

::: C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o¡1

::: £
¡
C Apkx K C uk pkK K Cb

¢
::: ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
:::

h¡
C Apkx K

¢T C uk pkK K .Cb/T
i

::: £
©
C APkx x AT CT C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

::: Cu2
k pkK K .Cb/.Cb/T C C0Q0T C T C R

ª¡1

::: £
¡
C Apkx K C uk pkK K Cb

¢

1

CCCCCCCCCCCCCCCCCCCCCCCCCA

(A12)

Thus,

Pk C 1x x D
£
APkx x AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢

C u2
k pkK K bbT C 0Q0T

¤
£

n£
APkx x AT

C uk

¡
Apkx K bT C bpT

kx K
AT

¢
C u2

k pkK K bbT C 0Q0T
¤¡1

¡ C T
n
C APkx x AT C T C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o¡1

C
o

£
£
APkx x AT

C uk

¡
Apkx K bT C bpT

kx K
AT

¢
C u2

k pkK K bbT C 0Q0T
¤

(A13)

Next, apply the MIL to the expression in the outer braces from
Eq. (A14), namely,
n£

APkx x AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢
C u2

k pkK K bbT C 0Q0T
¤¡1

¡ C T
©
C APkx x AT CT C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o¡1

C
o¡1

where we set

A1 D
£
APkx x AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢

C u2
k pkK K bbT C 0Q0T

¤¡1

A2 D C T

A3 D C

A4 D
n

C APkxx AT C T C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o

We obtainn£
APkx x AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢
C u2

k pkK K bbT C 0Q0T
¤¡1

¡ C T
n
C APkx x AT C T C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o¡1

C
o¡1

D
£
APkxx AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢
C u2

k pkK K bbT

C 0Q0T
¤

C
£
APkxx AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢

C u2
k pkK K bbT C 0Q0T

¤
C T £

n©
C APkxx AT C T

C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

ª

¡ C
£
APkxx AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢

C u2
k pkK K bbT C 0Q0T

¤
C T

o¡1

£ C
£
APkx x AT

C uk

¡
Apkx K bT C bpT

kx K
AT

¢
C u2

k pkK K bbT C 0Q0T
¤

Reducing the preceding equation gives
£
APkx x AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢
C u2

k pkK K bbT C 0Q0T
¤

£
©£

APkx x AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢
C u2

k pkK K bbT

C 0Q0T
¤¡1 C C T R¡1C

ª
£

£
APkx x AT

C uk

¡
Apkx K bT C bpT

kx K
AT

¢
C u2

k pkK K bbT C 0Q0T
¤

Hence, Eq. (A13) can now be reduced to

Pk C 1x x D
n£

APkxx AT C uk

¡
Apkx K bT C bpT

kx K
AT

¢

C u2
k pkK K bbT C 0Q0T

¤¡1 C C T R¡1C
o¡1

(A14)

In addition,

pk C 1K K D pkK K ¡
h¡

C Apkx K

¢T C uk pkK K .Cb/T
i

£
n

C APkx x AT C T C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o¡1

£
¡
C Apkx K C uk pkK K Cb

¢
(A15)

pk C 1x K D Apkx K C uk pkK K b ¡
n

APkxx AT C T

C uk

h
Apkx K .Cb/T C b

¡
C Apkx K

¢T
i

C u2
k pkK K b.Cb/T

C 0Q0T C T
on

C APkxx AT C T C uk

h
C Apkx K .Cb/T

C .Cb/
¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T

C C0Q0T C T C R
o¡1¡

C Apkx K C uk pkK K Cb
¢

(A16)

We also partition the Kalman gain vector as follows:

K D
³

K x

K K

´
(A17)

where

K x D
n

APkx x AT C T C uk

h
Apkx K .Cb/T C b

¡
C Apkx K

¢T
i

C u2
k pkK K b.Cb/T C 0Q0T CT

o
£

n
C APkx x AT CT

C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o¡1

(A18)
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KK D
h¡

C Apkx K

¢T C uk pkK K .Cb/T
i

£
n

C APkx x AT C T

C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

o¡1

(A19)

Hence, we � nally obtain

Oxk C 1 D A Oxk C OKk buk C K x .zk C 1 ¡ C A Oxk ¡ OKk Cbuk / (A20)

OKk C 1 D OKk C K K .zk C 1 ¡ C A Oxk ¡ OK kCbuk / (A21)

¤
Proposition: An additional application of the MIL will reduce

the number of matrix inversionssuch that only the low-ordermatrix

C APkx x AT C T C uk

h
C Apkx K .Cb/T C .Cb/

¡
C Apkx K

¢T
i

C u2
k pkK K .Cb/.Cb/T C C0Q0T CT C R

needs to be inverted.
Corollary: Consider the classical Kalman � lter paradigm where

the loop gain K is known, that is, K D 1. In this special case

p0K K D 0; p0x K D 0; pkK K D 0; pkx K D 0

for all k D 1; 2; 3; : : : (A22)

and it follows that

Pk D Pkx x (A23)

KK D 0 (A24)

Kx D
¡
APkx x AT C 0Q0T

¢
CT

£
¡
C APkx x AT C T C C0Q0T C T C R

¢¡1
(A25)

Pk C 1x x D
h¡

APkx x AT C 0Q0T
¢¡1 C C T R¡1C

i¡1

(A26)

Thus, the classical Kalman � lter formulas are recovered. ¤
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